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Abstract 

In this article we study asymptotic properties of certain discrete groups F act- 
ing by isometries on a product X = XiX X2 of locally compact Hadamard spaces 
which admit a geodesic without flat half-plane. The motivation comes from the 
fact that Kac-Moody groups over finite fields, which can be seen as generalizations 
of arithmetic groups over function fields, belong to the considered class of groups. 
Hence one may ask whether classical properties of discrete subgroups of higher 
rank Lie groups as in [5] and [TB] hold in this context. 

In the first part of the paper we describe the structure of the geometric limit set 
of r and prove statements analogous to the results of Benoist in . The second 
part is concerned with the exponential growth rate Se{T) of orbit points in X 
with a prescribed so-called "slope" 9 e (0, 7r/2), which appropriately generalizes 
the critical exponent in higher rank. In analogy to Quint's result in |16) we show 
that the homogeneous extension to ]R?,q of Sg{r) as a function of 9 is upper 
semi-continuous and concave. 



1 Introduction 

Let {Xi,di), {X2,d2) be Hadamard spaces, i.e. complete simply connected metric 
spaces of non-positive Alexandrov curvature, and {X, d) the product Xi x X2 endowed 
with the metric d = \/ d^f + ^2 • Assume moreover that Xi, X2 are locally compact. 
Each metric space X,Xi,X2 can be compactified by adding its geometric boundary 
dX, dXi, 8X2 endowed with the cone topology (see [21 chapter 11]). It is well-known 
that the regular geometric boundary dX^'^^ oi X - which consists of the set of equiva- 
lence classes of geodesic rays which do not project to a point in one of the factors - is 
a dense open subset of dX homeomorphic to dXi x 8X2 x (0, 7r/2). The last factor in 
this product is called the slope of a point in dX"^^^ . The singular geometric boundary 
= Qx \ dX'^^3 consists of two strata homeomorphic to dXi, 8X2 respectively. 
We assign slope to the first and slope 7r/2 to the second one. 

For a group T C Is(Xi) x ls[X2) acting properly discontinuously by isometries on 
X we study the limit set Lr := F-xn dX, where x G X is arbitrary. Unlike in the case 
of CAT(— l)-spaces, this geometric limit set is not necessarily a minimal set for the 
action of F because an element of Is(Xi) x ls{X2) cannot change the slope ^ of a point 



•supported by the FNS grant PP002- 102765 



1 



in dX. This is similar to the situation in symmetric spaces or Bruhat-Tits buildings of 
higher rank. So by abuse of notation we are going to call the set X := dXi x 8X2 the 
Furstenberg boundary, and the projection of Li^OdX'^''^^ to dXi x 8X2 the Furstenberg 
limit set F^ of F. 

In this note we restrict our attention to discrete groups T C Is(Xi) x Is(X2) which 
contain an element projecting to a rank one element in each factor, i.e. F contains an 
element h = (/ii,/i2) such that the invariant geodesies of /ii,/i2 do not bound a flat 
half-plane in Xi,X2- Such an isometry of X will be called regular axial in the sequel. 
Moreover, for Theorems A and B below we require as in [13] that for i = 1,2 the 
projection Fj of F to Is(Xj) is strongly non-elementary: This means that Fj, i = 1,2, 
possesses infinitely many limit points and does not globally fix a point at infinity. By 
Proposition 3.4 in [lOj this condition is equivalent to the fact that both Fi and F2 
contain a pair of independent rank one elements. For Theorems C, D and E below we 
need a slightly stronger assumption: We require that F C Is(Xi) x Is(X2) contains two 
regular axial isometries g = (51,92) and h = (/ii,/i2) such that gi,hi and 52,^2 are 
pairs of independent rank one elements in Is{Xi) resp. Is(X2). 

One important class of examples satisfying our stronger assumption are Kac- 
Moody groups F over a finite field which act by isometries on a product X = Xi x X2, 
the CAT(0)-realization of the associated twin building B+ x B^. Indeed, there exists 
an element h = {hi, /12) projecting to a rank one element in each factor by Remark 5.4 
and the proof of Corollary 1.3 in [10]. Moreover, the action of the Weyl group produces 
many regular axial isometries g = (51,92) with gi independent from hi for i = 1,2. 
Notice that if the order of the ground field is sufficiently large, then F C Is(Xi) x ls{X2) 
is an irreducible lattice (see e.g. [18j and |lTj). 

A second type of examples are groups acting properly discontinuously on a prod- 
uct of locally compact Hadamard spaces of strictly negative Alexandrov curvature 
(compare [13] in the manifold setting). In this special case every non-elliptic and non- 
parabolic isometry in one of the factors is already a rank one element. Prominent 
examples here which are already covered by the results of Y. Benoist and J.-F. Quint 
are Hilbert modular groups acting as irreducible lattices on a product of hyperbolic 
planes, and graphs of convex cocompact groups of rank one symmetric spaces (see 
also [8]). But our context is much more general and possible factors include locally 
finite, not necessarily regular trees and Riemannian universal covers of geometric rank 
one manifolds. 

Our first result is 

Theorem A The Furstenberg limit set is minimal, i.e. F^ is the smallest non-empty, 
T-invariant closed subset of d^X. 

Moreover we have ~ as in the case of symmetric spaces or Bruhat-Tits buildings of 
higher rank - the following structure theorem. 

Theorem B The regular geometric limit set splits as a product F^ x Pp, where 
Pr Q (0, vr/2) denotes the set of slopes of regular limit points. 

From here on we will assume that F contains two regular axial isometries projecting 
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to independent rank one elements in each factor. Let 171 G Is(Xi), 52 £ Is(^2) be rank 
one elements. For i = 1,2 we denote the attractive, the repulsive fixed point, 
and li{gi) the translation length, i.e. the minimum of the set {di{xi, giXi) : x,i G Xi\. If 
g = {91,92), we put C/+ := {gf,g^), g' := {g^ ,52")^ d^^- Then we have the following 
two statements: 

Theorem C Pp an interval and we have 



Pr = {arctan {12(92) /h{gi)) ■ {91,92) S T, gi,g2 rank one} n (0,7r/2) . 

Theorem D The set of pairs of fixed points {g^ ,g^) C d^X x d^X of regular axial 
isometries in T is dense in {Fr x Fp) \ A, where A denotes the set of points {£,, rj) such 
that £,1 = rji or ^2 = ??2 • 

Notice that Theorem D can be viewed as a strong topological version of the double 
ergodicity property of Poisson boundaries due to Burger-Monod ( ^) and Kaimanovich 

{M)- 

We next fix a base point o G X, G [0, 7r/2] and consider the cardinality of the 

sets 

iV|(n):={7Gr :n-l<d(o,7o)<n, ff^^^'\^^^;^ -i.rie < .} , 

di{pi{lo),pi{o)) 

where e > and n G N is large. This number counts orbit points with a correlation of 
distances to the origin in each factor given by approximately tan^. We further define 

61 := lim sup ^'^^^^{n) ^ ^^^p^ _ liminf 5^ . 

n— s>oo n- e— ^0 

Sg{T) can be thought of as a function of G [0, 7r/2] which describes the exponential 
growth rate of orbit points converging to limit points of slope 9. It is an invariant of T 
which carries more information than the critical exponent S{T): the critical exponent 
is simply the maximum of ^^(r) in [0, 7r/2]. As in [16j it will be convenient to study 
the homogeneous function 

: IK>0 H = {Hi,H2) H> • 5arctan(Hi/i/2)(T) • 

Similar to the case of symmetric spaces or Euclidean buildings of higher rank, we have 
the following: 

Theorem E ^'r is upper semi-continuous and concave. 

One of the main applications of Theorem E is that it allows to construct generalized 
conformal densities on each F-invariant subset of the limit set as in and [17j for 
higher rank symmetric spaces and Euclidean buildings. In a future work we will carry 
out this construction and relate 6q{T) to the Hausdorff dimension of the limit set. 

The paper is organized as follows: Section 2 recalls basic facts about Hadamard 
spaces and rank one isometries. In Section 3 we collect properties of products of 
Hadamard spaces. In Section 4 we study the structure of the limit set and prove 
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Theorems A and B. Section 5 deals with properties of the set of regular axial isome- 
tries and contains the proofs of Theorems C and D. In Section 6 we introduce and 
study the exponent of growth of slope for T. Finally, in Section 7 we construct a 
so-called generic product for T in order to show that the function ^'r is concave, and 
give the proof of Theorem E. 

Acknowledgements: This paper was written during the author's stay at ETH 
Zurich. She warmly thanks Marc Burger and Alessandra lozzi for inviting her, and 
the FIM for its hospitality and the inspiring atmosphere. She is grateful to Pierre- 
Emmanuel Caprace for many helpful remarks and discussions, and to Frangoise Dal'bo 
for her valuable comments on a first draft of the paper. She also thanks both referees 
for their useful suggestions and in particular a considerable simplification of the proof 
of Lemma 13. 1[ 

2 Preliminaries 

The purpose of this section is to introduce some terminology and notation and to 
summarize basic results about Hadamard spaces and rank one isometries. The main 
references here are and [2] (see also [3] , and [1] , [I] in the case of Hadamard mani- 
folds). 

Let {X, d) be a metric space. A geodesic path joining x £ X to y £ X is a 
map a from a closed interval [0, /] C M to X such that cj(0) = x, a{l) = y and 
d{a(t),a{t')) = \t — t'\ for all t,t' £ [0,1]- We will denote such a geodesic path crx,y X 
is called geodesic, if any two points in X can be connected by a geodesic path, if this 
path is unique, we say that X is uniquely geodesic. In this text X will be a Hadamard 
space, i.e. a complete geodesic metric space in which all triangles satisfy the CAT(O)- 
inequality. This implies in particular that X is simply connected and uniquely geodesic. 
A geodesic or geodesic line in X is a map o" : M — )• X such that d{a{t), cr{t')) = \t — t'\ 
for all t, i' e M, a geodesic ray is a map a : [0, oo) — )• X such that d{a{t),a{t')) = \t — t'\ 
for all t,t' E [0, oo). Notice that in the non-Riemannian setting completeness of X does 
not imply that every geodesic path or ray can be extended to a geodesic, i.e. X need 
not be geodesically complete. 

Prom here on we will assume that X is a locally compact Hadamard space. The 
geometric boundary dX of X is the set of equivalence classes of asymptotic geodesic 
rays endowed with the cone topology (see e.g. [21 chapter II]). The action of the isometry 
group Is(Ar) on X naturally extends to an action by homeomorphisms on the geometric 
boundary. Moreover, since X is locally compact, this boundary dX is compact and the 
space X is a dense and open subset of the compact space X := X U dX. Por x £ X 
and ^ £ dX arbitrary, there exists a geodesic ray emanating from x which belongs to 
the class of ^. We will denote such a ray ax^^- 

We say that two points r] £ dX can be joined by a geodesic if there exists a 
geodesic cr : M — t- X such that (t(— oo) = ^ and ct(oo) = i]. It is well-known that if X 
is CAT(— 1), i.e. of negative Alexandrov curvature bounded above by —1, then every 
pair of distinct points in the geometric boundary can be joined by a geodesic. This 
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is not true in general. For convenience we therefore define the visibility set at infinity 
Vis°°(^) of a point ^ G dX as the set of points in the geometric boundary which can 
be joined to by a geodesic, i.e. 

Vis°°(^) := {rj G dX \ 3 geodesic a such that a{—oo) = ^ , a{oo) = rj} . (1) 

Let x,y G X , ^ £ dX and a a geodesic ray in the class of ^. We put 

B^ix, y) := lim {d{x, a{s)) - d{y, a{s))) . (2) 
s— s>oo 

This number is independent of the chosen ray a, and the function 

B^{;y): X ^ m 

X B^{x,y) 

is called the Busemann function centered at ^ based at y (see also [2], chapter II). For 
any x,y,zGX,(^£ dX and g G Is(X) the Busemann function satisfies 

\B^{x,y)\ < d{x,y) (3) 
B!:{x,z) = B^{x,y) + B^{y,z) (4) 
Bg.i^{g-x,g-y) = B^{x,y). 

A geodesic cj : M — )• X is said to hound a Eat half-plane if there exists a closed convex 
subset i([0, oo) x M) in X isometric to [0, oo) x M such that a{t) = i(0, t) for all t G M. 
Similarly, a geodesic u : M — )• X bounds a Eat strip of width c > if there exists a 
closed convex subset i([0, c] x M) in X isometric to [0,c] x M such that a{t) = i(0,t) 
for all t G M. We call a geodesic o" : M — ?■ X a rank one geodesic if a does not bound a 
flat half-plane. 

The following important lemma states that even though we cannot join any two 
distinct points in the geometric boundary of X, given a rank one geodesic we can 
at least join points in a neighborhood of its extremities. More precisely, we have the 
following well-known 

Lemma 2.1 ( f^, Lemma III. 3.1) Let cr : M — )• X be a rank one geodesic which does 
not bound a flat strip of width c. Then there are neighborhoods U of a{—oo) and V of 
a{oo) in X such that for any ^ £ U and r] there exists a rank one geodesic joining 
^ and T]. For any such geodesic a' we have d{a',a(0)) < c. 

Moreover, we will need the following technical lemma which immediately follows from 
Lemma 4.3 and Lemma 4.4 in [3]. 

Lemma 2.2 Let o" : M — )■ X be a rank one geodesic and put y := cr(0), rj := a{oo). 
Then for any T ^ 1, e > there exists a neighborhood U of a{—oo) in X and a 
number R > such that for any x £ X with d{x, a) > R or x £ U we have 

^x,n{t)) < e for all t G [0, T] . 
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The following kind of isometries will play a central role in the sequel. 

Definition 2.3 An isometry h of X is called axial, if there exists a constant I = 
l{h) > and a geodesic a such that h{a{t)) = a{t + I) for all t G M. We call 1(h) the 
translation length of h, and a an axis of h. The boundary point h^ := a{oo) is called 
the attractive fixed point, and h~ := cj(— oo) the repulsive fixed point of h. We further 
put Ax{h) := {x e X I d{x, hx) = l{h)}. 

We remark that Ax(/i) consists of the union of parallel geodesies translated by /i, and 
Ax(/i) n dX is exactly the set of fixed points of h. Moreover, we have the following easy 
formula for the translation length of an axial isometry in terms of Busemann functions. 



Lemma 2.4 If h is an axial isometry with attractive and repulsive fixed points h'^ , h 
then its translation length is given by 

l{h) = Bii+{x,hx) = Bii-{hx,x) , where x & X is arbitrary. 

Proof. Let x, y £ X arbitrary. Then by the cocycle identity (jH and the fact that h 
fixes h'^ and h~ 

Bh+{x,hx) = Bh+{x,y) + Bh+{y,hy) + Bh+{hy,hx) 

= Bh+ {x, y) + Bh+ {y, hy) + Bh+{y,x)^ = Bh+ {y, hy) , 

and similarly Bfi-{hx,x) = Bh-{hy,y). So the terms on the right-hand side are inde- 
pendent of X € X, and choosing x £ Ax{h) yields the claim. □ 

Following the definition in [6] and [10] we will call two axial isometries g, h £ Is(X) 
independent if for any given x £ X the map 

Z X Z ^ [0, oo) , (m, n) ^ dig^'x, K^x) 

is proper. 

Definition 2.5 An axial isometry is called rank one if it possesses a rank one axis. 

Notice that if h is rank one, then h'^ and h~ are the only fixed points of h. Moreover, 
it is easy to verify that two rank one elements g, h £ ls{X) are independent if and 
only if {g~^ ,g~} D {/i^, h~} = 0. Let us recall some properties of rank one isometries. 

Lemma 2.6 ( [^1, Lemma III. 3. 3) Let h be a rank one isometry. Then 

(a) Vis°°{h+) = dX\{h+}, 

(b) any geodesic joining a point ^ £ dX \ {/i^} to h^ is rank one, 

(c) given neighborhoods U of h^ and V of h^ in X there exists Nq £ N such that 

\V)CU and \U)CV for all n>No. 
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In particular, by (c) we have lim„_>>oo h = h for any ^ G Vis°°(/i^). The followmg 
lemma will be central for the proof of Theorem 15. 2[ 

Lemma 2.7 ( f^, Lemma III. 3. 2) Let a :M ^ X be a rank one geodesic, and (7„) C 
Is{X) a sequence of isometrics such that 7„x — )■ a{oo) and 7^^a; — )• a{—oo) for one 
(and hence any) x £ X. Then for n sufficiently large, 7^ is axial and possesses an axis 
an such that a"n(oo) — )• a{oo) and cr„(— 00) — )■ o"(— 00). 

The following proposition is a generalization of Lemma 4.1 in [12j. It gives a relation 
between the geometric length and the combinatorial length of words in a free group 
on two generators which will be a clue to the proof of Theorem 15. 2i Our proof here 
involves a new idea since F. Dal'bo's proof is based on the fact that X is CAT(— 1) 
and hence triangles in X are thinner than the corresponding triangles in hyperbolic 
space. If g, h generate a free group we say that a word 7 = s^^S2^ ■ ■ ■ s^" with Si G 
{d} i^i ^~^} and ki G N\{0}, i G {1, 2, ... n} is cyclically reduced if Sj+i ^ {sj, s^^}, 
i G {1, 2, . . . n — 1}, and s„ 7^ s^^ . 

Proposition 2.8 Suppose g and h are rank one elements in Is{X) with pairwise dis- 
tinct fixed points. Then there exists N £ N and C > such that for all n G N and 
any cyclically reduced word 7 = s^^S2^ • • • s^" with Sj G S := {g^ ,g~^ , h^ , h~^} and 
/cj G N \ {0}, i G {1, 2, . . . n}, we have 

n 

\Kl)-Y.^il{si)\<C-n. 

i=l 

Proof. We fix some base point £ X. For r/ G {g~ ,g~^ ,h~ ,h~^} let U{ri) G X he a 
small neighborhood of r/ with ^ U{r]) such that all U{r]) are pairwise disjoint, and 
c > a constant such that any pair of points in distinct neighborhoods can be joined 
by a rank one geodesic a' with d{o,a') < c. This is possible by Lemma |2.1[ According 
to Lemma [2.71 there exist neighborhoods W{r]) C U{r]), rj G {g~ ,g~^ ,h~ ,h'^}, such 
that every 7 G F with 70 G W{vi), j~^o G W{(), C / ry, is rank one with 7"*" G U{rj) 
and 7~ G U{(). Moreover, by Lemma 12.61 (c) there exists G N such that for all 
1 {9,9~\h,h-^} _ 

7^(A\iy(7-)) CH^(7+). (5) 

We put S := {g^ ,g~^ , h^ , h~^} and consider a cyclically reduced word 7 = Si^S2^ ■ ■ ■ 
with Si £ S and fcj G N \ {0}, i G {1, 2, . . . n}. By the choice of A^ and ^ we have 
70 G W{si) and 7-^0 G 14^(5") / s^) since si 7^ s„^. Therefore 7 is rank one with 
7+ G U{sf) and 7^ G C/(s^). Choosing a point x G Ax(7) with d{o,x) < c we get 

^(7) < 70) < d{o, x) + ^(a;, 72;) + di^jx, 70) < /(7) + 2c . (6) 

Similarly 1(8^') < d{o, sf'o) < /(s(=') + 2c for i G {1, 2, . . . n}. 

For z G {1,2, ...n} we abbreviate ji := s^^ s^^^ ■ ■ ■ s^" ■ Then 720 G ^^(s^), 
s]~'^^o G W{s^) 7^ VF(s^), so there exists a geodesic cr2 joining 720 to s^'^^o with 
d{o,a2) < c. If y denotes a point on cj2 with d{o,y) < c we obtain 

(i(s^4' • • • Sn"o, o) = d{j20, s^'^'o) < ^(720, y) + s^^'o) 
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which proves \d{'yo,o) — d{o,s'l^o) — d{o,^2o)\ < 2c. Applying the same arguments to 
7i for i > 2 and using the fact that Sj+i ^ s^^ we deduce \d{'jiO,o) — d{o,s-'o) — 
(i(o, 7j+io)| < 2c. Therefore 

n 

|d(o,7o)-^d(o,s-'o)| <2(n-l)c 

1=1 

and, using ([H]), we conclude |/(7) — ^17=1 < 4:C - n. It remains to set C := 4c. □ 

Moreover, the following generalization of Lemma 1.4 (2) in [13] will also be needed in 
the proof of Theorem 15. 2t 

Lemma 2.9 Suppose g and h are rank one elements in Is{X) with = . Then 
there exists G N such that for all n,m \ {0} the isometry g^^h^^ is rank one 
and 

l^^Nn^Nm^ = Nn l{h) + Nm l{g) . 

Proof. As in the proof of the previous proposition we fix some base point o ^ X and 
let U{vi) C X be a small neighborhood of G {5^, 5^, /i^} with o ^ U{rj) such that all 
U{rj) are pairwise disjoint. Notice that by our assumption we may set U{h'^) := U{g^). 
Fix neighborhoods W{rj) C U{r]), rj £ {g~ , g~^ ,h^}, such that every 7 G F with 
70 G W{r]), 7~^o G W{Q, C 7^ is rank one with 7"*" G U{r]) and 7~ G U{C), and 
A^ G N such that for all 7 G {g,g~^,h, h~^} 

7^(X\VF(7-)) CT^(7+). 

Then for n,m G N \ {0} h^'^g^'^o G W{h+) and (/i^"c/^™)-io G W{g') / W{h+), 
hence 7 := h^'^g^"^ is rank one with 7"'' G U{h'^) and 7^ G U{g^). Furthermore, 
7/1^ = h^^g^^h^ = /i'*' implies that /i^ is one of the two fixed points of 7, hence 
7^ = /i^ = 5+ . We conclude using Lemma 12.41 and the cocycle identity ^ 

Z(7) = B^+{o,^o)=Bj,+ {o,h''^o) + B,,+ {h''^o,h''-g''^o) 

= l{h^'')+Bg+{o,g^'^o) = Nnl{h) + Nml{g). □ 

If F is a group acting by isometrics on a locally compact Hadamard space X we 
define its geometric limit set by Lr := F-x n dX, where x G A is arbitrary. 

From here on we let F C Is(Ar) be a (not necessarily discrete) group which pos- 
sesses a rank one element h. Denote a an axis of h and put o := cr(0). The idea of proof 
of the following three facts is due to W. Ballmann (see e.g. the proof of Theorem 2.8 
in [1]). We include complete proofs for the convenience of the reader. 

Lemma 2.10 IfV does not globally fix a point in dX, then for any neighborhood V of 
^ G -Lr in X there exists 7 G F such that 7/1 G V . 

Proof. Choose (7„) C F such that 7„o — >• ^ as n — > 00. Passing to a subsequence 
if necessary we may assume that 7^^o converges to a point (" G Lr as n — t- 00. Let 
T 3> 1 and e > be arbitrary. By Lemma 12.21 there exist a constant R > Q and a 
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neighborhood U of = a{—oo) in X such that for any x £ X with d{x, a) > R oi 
X £ U we have d{ax,o{t)i '^x,h+if)) < e/2 for alH € [0, T\ . 

We first treat the case C, ^ Then for n sufficiently large we have 

(i(7^^o, o") > R and f^(co,7„o(i)) Co,5(t)) < e/2 iov < t < T. We conclude that for 

te[o,T] 

(t)) + d{ao,-y„oit), cro,j^h+ (*)) 

^ ^ V ' 

<e/2 

which proves the assertion in this case. 

li ( = h~ then 7^^o G [/ for n sufficiently large, hence by Lemma 12.21 and the 
above inequalities the claim also holds. 

Now assume that = h'^ . Since F does not globally fix a point in dX there 
exists S r such that f^Q^h^. Then, replacing 7„ by 7nV2~^ and using the fact that 
7„93~-'^o — )• and ^'^n'^o ipC, ^ , we are in one of the cases above. Hence the 
assertion follows. □ 

The following result will be one of the key lemmas for the product case in Section [H 

Lemma 2.11 IfV does not globally fix a point in dX and #-Lr = oo, then for all ^, rj, 
( £ Lr there exists 7 G F such that 7^ / C fl'^t? ^6. ^ rj. 

Proof. If ^ G Lr \ {Ci v} '^^ can take 7 = 6 (the identity in F). 

Suppose now i = Q rj and ^ ^ {/i"^, Then /i"^ — )• /i+ as n — )• 00. If 7^ /i"*", 
let 1^ be a neighborhood of h'^ disjoint from ^, r/. Then there exists € N such that 
/i"^ € V for all n > A^, in particular h^ ^ 7^ C = C ^'^id /i^^ ^ r]. If rj = h'^ we choose a 
neighborhood V of /i^ disjoint from ^ and let S N such that /i"^ S y for all n > N. 
If /i",^ = r] = h^ for all n > N, then is a fixed point of /i which is a contradiction to 
^ ^ {h~^ , h~}. Hence there exists n> N such that /i"^ 7^ r/ and /i"^ 7^ C = C- 

If ^ = ^ = /i"*" , r/ 7^ we choose a point in Lp \ {/i^, 77} and a neighborhood V of 
this point disjoint from {/i"^, r;}. By Lemma ETTO] there exists 7 G F such that '^h^ G V , 
in particular 7/1 ^ {h^,r]}. 

Replacing h by /i^^ in the previous argument yields the assertion for the case 
^ = C = h-,rj^h-. 

By symmetry, the claim also holds for £, = rj ^ 

The remaining case is ^ = C = Since F does not globally fix a point in dX, 
there exists 7 G F such that 7^ 7^ ^. □ 

In the case of discrete groups, the following result is part of Theorem 2.8 in [Ij. Since 
we are dealing here with possibly non-discrete groups we have to add the condition 
that F does not globally fix a point in dX. This excludes for example the case of a 
group consisting of infinitely many rank one elements with a common fixed point at 
infinity. 
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Proposition 2.12 IfT does not globally fix a point in dX and = co, then the 
limit set Lr is minimal, i.e. the smallest non-empty T-invariant closed subset of dX . 

Proof. We first notice that every non-empty T-invariant closed subset A of dX contains 
a limit point: Indeed, if ^ £ ^, then either ^ = /i+ or ^ G Vis°°(/i+). So either A contains 
the hmit point h'^ or the point h~ = hm^^oo /i^"^- 

Next we fix ,^ G Lr and let r/ G Lr be arbitrary. Our goal is to show that 77 G T • ^. 

Let U C dX be an arbitrary neighborhood of rj. By Lemma [2.101 there exists 7 G F 
such that 7/1+ G U. Hence if ^ 7^ 7/1" we have by the dynamics of rank one isometrics 
Lemma |2. 61 (c) (7^7""^)"'^ ^ U for n sufficiently large. If ^ = 7/i^, there exists ip £ T 
such that 7^ 7/1" by Lemma 12.111 Then {'yh'y~^)"'if^ G U for n sufficiently large. □ 



3 Products of Hadamard spaces 

Now let {Xi, di), {X2, (^2) be locally compact Hadamard spaces, and X = Xi x X2 the 
product space endowed with the product distance d = Notice that such a 

product is again a locally compact Hadamard space. To any pair of points x = (xi, X2), 
z = {zi, Z2) G X we associate the vector 

^ ^ Tn>2 



H{x,z) := - e 

V d2{X2,Z2) J 

which we call the distance vector of the pair {x,z). If z 7^ x we further define the 
direction of z with respect to x by 

9{x, z) := aictan ^' 



Notice that we have 



H(x, z) = d(x, z) 

^ ^ ' ^ > smU{x,z 



di{xi,zi) 
cos 9{x, z) 



in particular = d{x,z), where || • || denotes the Euclidean norm in M^. 

Denote pi : X ^ Xi, i = 1,2, the natural projections. Every geodesic path 
a : [0,1] — )• X can be written as a product a{t) = {ai{t cos 9) , a2{t sin 9)) , where 
9 G [0,7r/2] and ai : [O,/cos0] — )■ Xi, 02 : [0,Zsin6'] X2 are geodesic paths in X\, 
X2. 9 equals the direction of o(V) with respect to a(0) and is called the slope of a. 
We say that a geodesic path a is regular if its slope is contained in the open interval 
(0, 7r/2). In other words, a is regular if neither pi{a{[0,l])) nor p2{a{[0,l])) is a point. 

If X € X and a : [0, 00) — )■ X is an arbitrary geodesic ray, then by elementary 
geometric estimates one has the relation 

9 = lim 9{x,a{t)) (7) 

between the slope of a and the directions of cj(t), t > 0, with respect to x. Similarly, 
one can easily show that any two geodesic rays representing the same (possibly singular) 
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point in the geometric boundary necessarily have the same slope. So we may define 
the slope of a point ^ G dX as the slope of an arbitrary geodesic ray representing 
I 

Moreover, two regular geodesic rays cr, a' with the same slope represent the same 
point in the geometric boundary if and only if cJi(oo) = (T^(oo) and (72(00) = (72(00). 
The regular geometric boundary dX^'^^ of X is defined as the set of equivalence classes 
of regular geodesic rays and hence is homeomorphic to dXi x 8X2 x (0,7r/2). 

If 7 E Is(Xi) X ls{X2) , then the slope of 7-^ equals the slope of ^. In other words, 
if dXg denotes the set of points in the geometric boundary of slope £ [0,7r/2], then 
dXg is invariant by the action of Is(Xi) x Is(X2). Notice that points in QX^*"^ := 
{dX)o U {dX)^/2 equivalence classes of geodesic rays which project to a point 
in one of the factors of X. Hence {dX)Q is homeomorphic to dXi and {dX)^/2 is 
homeomorphic to 8X2- li 9 £ (0, 7r/2), then the set dXg C dX''^^ is homeomorphic to 
the product dXi x 8X2- 

In the case of symmetric spaces and Bruhat-Tits buildings of higher rank there 
is a well-known notion of Furstenberg boundary, which - for a product of rank one 
spaces - coincides with the product of the geometric boundaries. In our more general 
setting we therefore choose to call the product dXi x 8X2 endowed with the product 
topology the Furstenberg boundary d^X of X. Using the above parametrization of 
dX'^^3 we have a natural projection 

. Qxreg _^ qF ^ 

(6,6,^) ^ (6,6) 

and a natural action of the group Is(Xi) x Is(X2) by homeomorphisms on the Fursten- 
berg boundary oi X = Xi x X2. 

We have the following important lemma concerning the topology of X. Although 
elementary, we include the proof for the convenience of the reader. 

Lemma 3.1 Suppose {yn) C X is a sequence converging to a point fj G dXg for some 
9 G [0,7r/2]. Then for any x £ X we have 9{x,yn) -^9 as n ^ 00. 

Proof. First notice that if u is a geodesic emanating from x, then 9{x,a{t)) does not 
depend on t. We define cr as a geodesic ray joining x to fj, so in particular a has slope 
9 and 9{x,a{t)) = 6 for all t > 0. Without loss of generality we may assume that 
d{x,yn) > 1 for all n G N. It therefore remains to prove that 6{x, ax,y„{l)) = 9{x,yn) 
converges to 9{x,a{l)) = 9 as n tends to infinity. This is clear since fa;,y„(l) converges 
to (7(1) and since the map z 1— )• 9{x, z) is continuous on every sphere around x. □ 

Recall the definition of visibility set at infinity Vis°°(^) of a point ^ G dX from ([TJ. 
It is easy to see that a point fj G dX cannot belong to Vis°°(^) if the slope of fj is 
different from the slope of 6 This motivates the following less restrictive definition for 
pairs of points in the Furstenberg boundary: We say that ^ = (Ci, 6) ^-^d rj = (r?i, ??2) £ 
X are opposite if 6 ™d Vi can be joined by a geodesic in Xi, and 6) ^2 can be 
joined by a geodesic in X2- Moreover, the Furstenberg visibility set Vis'^(i^) of a point 
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^ = (?i)?2) £ d^X is defined as the set of points in d^X which are opposite to ^, i.e. 

Vis^(e) = {(r/i,?72)G5^^:??iGVis'»(ei) and ??2 G Vis°°(6)} • (8) 

In particular, for any ^ G dX'^'^3 ^Jth 'K^{Cj = i one has Vis-^(^) = 7r^(Vis°^(^)). So 
we may alternatively define the Purstenberg visibihty set of a point ^ G via 

Vis^(0 := 7r-^(Vis°°(e)) , where ^ e is arbitrary. (9) 

Moreover, in the particular case that both Xi, X2 are CAT(— 1), for ^ = (^^i, ^2, ^) G 
dX^^^ we have 

Vis~(0 = {(r?i, r?2, 0) G ^X''^^' : m / and rj2 / ^2} , 
and (^1,^2)) (?yi)^2) G S'^X are opposite if and only if ^1 / rji and ^2 / ??2- 

4 The structure of the Hmit set 

Recall that the geometric limit set of a group T acting by isometries on a locally 
compact Hadamard space is defined by Lr := F-x n dX, where x S X is arbitrary. 
In this section we will investigate the structure of the geometric limit set of certain 
groups r C Is(Xi) X Is(X2) C Is(X) acting properly discontinuously on the product 
X of two locally compact Hadamard spaces Xi, X2- By abuse of notation we denote 
Pi : r — 7- Is(Xj), i = 1,2, the natural projections and put Fj := Pi{T), i = 1,2. Notice 
that Tj need not act properly discontinuously on Xi. As in [13] for i £ {1,2} we call Fj 
strongly non-elementary if it does not globally fix a point in dXi and ^Lr^ is infinite. 

Prom here on we assume that F C Is(Xi) x Is(X2) acts properly discontinuously, 
the projections Fi, F2 are strongly non-elementary, and F contains an isometry h such 
that hi := pi{h), /i2 := P2{h) are rank one elements in Fi, F2 respectively. Such an 
isometry h will be called regular axial and we will denote /i+ its attractive fixed point 
in 9X''^9 and /i+ := 7r^{h + ) = {h^,h:^). Notice that ([8]) and Lemma[22](a) imply 

Vis^(^+) = {(6,6) G d^X : 6 / hi, 6 / 4) ■ (10) 

Moreover, by Lemma 12.61 (c) we have lim„_i.oo = h'^ for all ^ G Vis^(/i^). 

We remark that the existence of a regular axial element in F imposes severe 
restrictions on the spaces Xi and X2. For example, neither Xi nor X2 can be a higher 
rank symmetric space or Euclidean building. However, as mentioned in the introduction 
the buildings associated to Kac-Moody groups over finite fields, Riemannian universal 
covers of geometric rank one manifolds and CAT(— l)-spaces such as locally finite trees 
or manifolds of pinched negative curvature are natural examples of possible factors. 

For convenience we define the Furstenberg limit set of F by := tt^ {LrHdX^''^^). 
It is clearly a subset of the product Lr^ x C d^X. Using our Lemma 12.111 the 
proof of the following important lemma is as for Lemma 2.2 in [13j. 

Lemma 4.1 For any ^ = {^1,^2), V = (?/i,f?2) £ Lr^ x there exists 7 = (71,72) G F 
such that 716 7^ 726 7^ ^2- 
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Proof. We first treat the case = r/i and ^2 7^ ??2- Choose 7 = (71,72), ^ = (v^i, ^2) £ 
r such that 71^1 7^ rji and </?2C2 ^ ^?2}- This is possible by Lemma [2.11[ If 72C2 7^ ??2, 
7 is the desired element, if (pi£,i 7^ then 93 is. 
Suppose now 72^2 = ^2 and 991^1 = rji. Then 

= 7if?i ^^=^^ 716 7^ f?i 

by choice of 7. Moreover, we have ^2^2^,2 / ??2, because j2^2C2 = ??2 = 72C2 implies 
that (p2 = ^2^'^2^2 is contained in the stabilizer of ^2 which is a contradiction to the 
choice of </?. Hence ^ip is the desired element. 

If ^ = we choose 7 = (71,72) S T such that 72C2 7^ f?2 and apply the first case. 

□ 

Using (|10|) we immediately obtain the following 

Corollary 4.2 For any regular axial h ^ T and S x Ly^ ^ there exists 

7 e r slic/z i/iai 7^ G l/is^(/i+). 

We now fix a regular axial isometry h = (/ii,/i2) £ T and a base point o = 
(01,02) S X. The following important theorem implies that Fy can be covered by 
finitely many F-translates of an appropriate open set in 

Theorem 4.3 The Furstenberg limit set is minimal, i.e. Fy is the smallest non-empty, 
T-invariant closed subset of d^X. 

Proof. We first show that every non-empty, T-invariant closed subset of d^X contains 
either /i+ or h~ . Replacing h by its inverse if necessary, it then suffices to prove that 
Fy = TWtF. 

Let A C d^X be a non-empty, T-invariant closed set, and ^ = (^1,^2) £ A. If 
6. G {h^ , h^}, there is nothing to prove, so assume that there exist indices i, j G {1,2} 
such that / hf and £,j ^ h~ . \i S,i ^ then - since ^2 is different from 

at least one of the points /i^, ~ we have ^ G Vis^(/i"^) or G Vis^(/i~). So 
limn->.oo = h~ or lim„_).oo = /i"*^ and we conclude that h'^ or belongs to A. 
The case .^2 ^ {^2^1 ^2^} is analogous. It therefore remains to consider the possibilities 
^ = (/ij",/i^) or ^ = (/ij^j/ig)- In both cases ^ is contained in x Lpj, so by 
Corollarv 14.21 there exists 7 G T such that 7^ G Vis^(/i^). Then lim„_!.oo 
which proves that h~ G A. 

For the second part of the proof we are going to show the stronger statement that 
Fr = T • ^ for any ^ = (^1,6) G Fy. 

Let T] = {rii,r]2) G Fy arbitrary. If 77 = ^, there is nothing to prove, if r/i = ^1 
or rj2 = ^2, then by Lemma [4.11 there exists 7 = (71,72) G T such that 71^1 / rji 
and 72^2 7^ ?/2- Hence replacing ^ by 7^ if necessary, we may assume that r/i 7^ ■^i 
and r/2 7^ ^2- Let Ui C (?Xi, [/2 C 5^2 be neighborhoods of rji, rj2 such that ^1 ^ C/i 
and ^2 ^ U2, and choose 77 G {■K^)~^{r]) n Lp. Then there exists a sequence (7^) = 
((7n,i, 7n,2)) C T such that 7^0 — )■ r/ = (771, r/2, 0) and 7^^o converges as ?i — 00. Since 
for 7 = 1,2 dj(oi,7^-Oi) = di(7n,iOi, Oj) 00 we have 7~-0j d e dX-i, i = 1,2, and 
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6{o, 7„ ^o) = 0{o, 'jno) —?- 9 as n oo. Hence lim„_>.oo 7n^o ( := (Ci, (2,9) G dX'^^^ , 
and we put C := vr'^(C) = (Ci, (2)- 

Moreover, we can assume C G Vis-^(/i+), because otherwise, by Corollary 14.21 we 
find 7 G r such that 7C G \\s^ (Ji^) and we can replace our sequence (7„) by (7n7~"^). 

Let T ^ 1 , e > be arbitrary. Then Lemma 12.21 implies the existence of G N 
such that for ah n > and t G [0, T] 

and d(o'oi,7„ iOi(i)) Coi,»?i(i)) — ^/^- Hence we conclude that as n — )• 00 'yn,ihf — )• r/j for 
i = 1,2, in particular, there exists (f = {(pi, (P2) G T such that (fihf G C/j and (pihnp~^ 
is rank one for i = 1,2. 

Assume first that G Vis^((/?/i~). Then there exists A^ G N such that for n > N 

(((^l/ll(^r'ni>(V'2/l2^2"'n2) = {y^h^~'r^ G C/l X U2. 

If 1^ ^ Vis^((/5/i^), Corollary 14.21 implies the existence of 7 G L such that 7,^ G 
\is^ {(ph^) and we conclude {(phip^^)"^^^ G U for n sufficiently large. □ 

Theorem 4.4 The regular geometric limit set Lr H dX'^^^ is isomorphic to a product 
Fy X Py, where Pr ^ (0,7r/2) denotes the set of slopes of regular limit points. 

Proof. If ^ G Lr n dX''^9, then n^i^) G Fr, and by definition of Pr the slope of | 
belongs to Pp- 

Conversely, let rj = (??i,r/2) G Fr and G Pr- We have to show that f] := 
('71)^2,6') G Lr. By definition of Pr and Lemma [3TT] there exists a sequence (7„) C F 
such that 9n := 9{o,'~fno) converges to as n — )• 00. Moreover, by compactness of 
dXi X 8X2 a subsequence of (7no) converges to a point ^ G Lr n dX''^^ of slope 9. Put 
^ := vr^(05 2ind notice that r) G dX^^^ is the unique point in (7r^)~^(7/) of slope 0. 

By Theorem 14.31 Pr = L • ^ is a minimal closed set under the action of T, hence 

^GrT^=7r^(F|). 

Since the action of F on the geometric boundary does not change the slope of a point, 
we conclude that the closure of F • ^ contains fj. In particular ^ G F-^ C Lr- ^ 

5 Density of regular axial isometries 

In this section we will make the stronger assumption that F C Is(Xi) x Is(X2) acts 
properly discontinuously on the product X of two locally compact Hadamard spaces 
Xi, X2 and contains two isometries g = ((71,52) and h = (/ii,^2) such that gi and hi 
are independent rank one elements of Fi and g2, /12 are independent rank one elements 
in F2- Recall that an isometry h = (/ii,/i2) G Is(Xi) x Is(X2) is called regular axial 
if hi and /12 are rank one elements. Its attractive fixed point is denoted /i+ G dX^^^ 
and we put h'^ := 7r^(/i+) = {hf,h2). Moreover, for h = (/ii,/i2) regular axial and 
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i £ {1,2} we denote li{hi) the translation length of hi in Xi . The limit cone ofT is 
defined by 

ir ■■= {arctan (/2(5'2)/^i(5i)) ■ 9 = {9i, 92) ^ regular axial} . 

We fix a base point o = (oi, 02) € X. The following proposition is a key ingredient in 
the proofs. 

Proposition 5.1 Suppose g = {91,92) o^nd h = (/ii,/i2) £ T are regular axial isome- 
tries such that gi and hi are independent in Ti for i = 1,2. Let (■jn) CT be a sequence 
such that and 7^^o converge to points in dX^^'J as n —)• 00. Then given arbi- 
trarily small distinct neighborhoods Wi{h'^),Wi{h^) C Xi of hf , h^ , i = 1,2, there 
exist N e n, a e {h^ ,h^ g^ ,h^ g'^} and /3 G {h'^ ,h~^ g^ ,h-^ g-^} such that 
(fin '■= o:jnf3~^ satisfies ipnO G Wi{h^) x W2{h'^) and fn^o G Wi{h~) x W2{h~) for n 
sufficiently large. 

Proof. For i = 1,2 and r] £ {g^ , g^ , h^ , h^} let Wi{r]) C Xi be an arbitrary, sufficiently 
small neighborhood of r]^ G dXi with Oj ^ Wi{r]) such that all Wi{r]) are pairwise 
disjoint in Xi. According to Lemma 12.61 (c) there exists a constant G N such that 
for all 7 G {g,g^^,h,h~^} and i G {1,2} 

7f(XAT^i(7-))^W^.(7+)- (11) 

Denote F C X the finite set of points {o, h^^o, h^^ g^^ 0} in X. Since jn.iOi converges 
to a point G dXi, i = 1,2, given arbitrary neighborhoods Ui C Xi, {72 C X2 of 
1^1, 1^2) there exists G N such that for all n > N-^- and every x G -F we have 
'jnX G C/i X f72. Using the fact that Xi = (Xj \ Wi{g~)) U (Xj \ Wi{g~^)) , and choosing 
the neighborhoods Ui of ^j, z G {1,2}, sufficiently small, we may assume that one of 
the following six possibilities occurs for all n > and every x = (xi,X2) G F: 

1. Case: 7n,iXi G Xi \ and 7„,2a;2 e -'^2 \ W2{h^) 
Then by (HH) /i^7„3; G Wi{h+) x 1^2 

2. Case: 7n,iXi G and 7„,2a;2 G VF2(^") 

Since C Xi\Wi{g'), i = 1,2, we have again by ([II]) 5(^7„x G Wi{g+) x 

^2(5^). Hence we are in case 1 for g^^nX, so h^ g^^nX G x Ty2(/i^)- 

3. Case: 7„,iXi G Wi{h-) and 7„,22;2 G ^2 \ {W2{h-) U 1^2(5")) 

Then 5^7„x G x VF'2(5+), which yields h^g^jnX G x W2{h+). 

4. Case: 7„,iXi G Wi{h-) and 7n,22;2 e ^2 \ (W2(/i-) U 1^2(5+)) 

Then g-'^jnX G ^1(5") x ^^2(5"), which gives h^g-'^-f^x G x VF'2(/i+)- 

5. Case: 7^,1X1 G Xi \ {Wiih') U Wi{g-)) and 7^,2X2 G 1^2 (/i") 
Similarly to case 3 we obtain h^g^^nX G x W2{h~^). 

6. Case: 7„,ixi G Xi \ {Wi{h-) U and 7^,2X2 G VF2(/i-) 
As in case 4 we get h^g'^'jnX G x VF2(/i^)- 
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So we have shown the existence of a S {h , h g , h } such that for all n > N-^- 
and every x £ F a'jnX £ Wi{h^) x W2ih^)- 

With a similar case by case treatment we get G N and /3 E h'^ g^ , g~ 

such that j3^n^x £ Wi{h~) x W2{h~) for ah n > N2 and all x £ F. Then, putting 
99„ := Q7n/3~^, the claim holds for all n > max{A^+, A^_}. □ 

The following theorem relates the limit cone to Pr- 

Theorem 5.2 IfT contains two regular axial isometries which project to independent 
rank one elements in each factor then Pr = ^rH (0, tt/2). Moreover, ir is either a point 
or an interval. 

Proof. We first prove £r H (0, 7r/2) C Pp: If g^ = {gn,i,gn,2) is a sequence of regular 
axial isometries such that arctan {l2{gn.2)/h{gn.i)) converges to 6 £ (0,7r/2), we choose 

kn > 2nmayi{di{oi,Ayi{gn,i))/liign,i) : i = 1,2} 
and put 7„ := g^". From 

knk{9n,i) < di{Oi,'yn,iOi) < 2di (oj , Ax(g„,j)) + knk{gn,i) < knli{gn,i){^ + ^jn) 
we get 

tan^ = hm f ^4^4 ■ (1 + l)") > lim ^^j"^' ^"■^^^) 
n^oo \lx{gn,\) n ) '^^oo (il(oi,7„,iOi) 

tan^ = lim (^2^.J^L\< Hn, ^^j^^- 7n,202) 
Vn(5n,i) n + ly ai(oi,7n,iOi) 

hence the claim. 

Let's prove the inclusion Pp ^ H (0, 7r/2). Denote g = (51,52); ^ = (^1,^2) £ T 
two regular axial isometries as in Proposition 15.11 For t] £ {g^ , g^ ,h^} and i £ 
{1,2} let Ui{r]) C Xj be a small neighborhood of rji with Oj ^ Ui{r]) such that all 
Ui{r]) are pairwise disjoint. Upon taking smaller neighborhoods. Lemma [2.11 provides a 
constant c > such that for i £ {1,2} any pair of points in distinct neighborhoods can 
be joined by a rank one geodesic cjj C Xi with d{oi,ai) < c. Moreover, according to 
Lemma [221 for i £ {1,2} and r] £ {h~,h'^} there exist neighborhoods Wi{r]) C Ui{r]) 
of rji such that every 7 = (71,72) £ F with jiOi £ Wi{h~^) and 'J^^o £ Wi{h~), i = 1,2, 
is regular axial with £ Ui{h'^) and £ Ui{h~), i = 1,2. 

Now let 9 £ Pr. By definition there exists a sequence (7„) = ((7n,i, 7n2)) C F such 
that 0^2(02, 7„,202)/di (01, 7„,iOi) tan 6*, 7^,101 Ci, ln,202j^ ^2 as n ^ 00. Passing 
to a subsequence if necessary, we can assume that 7^"^o — )• C = (Ci)C2i^) G dX'^^^ as 
n — 00. By Proposition 15.11 there exist iVo G N, a finite set A C F and a, /3 G A such 
that for all n > Nq 

ajnP'^o £ Wi{h+) X W2{h+) and /37-^q"^o G Wi{h-) x VF2(/i") . 

Put ifn '.= a'jnP'^, n £ N, and L := max{(ij(oj, AjOj) : i £ {1,2}, A = (Ai,A2) £ A}. 
Using the triangle inequality we estimate for i = 1,2 

\di{oi,(fn,iOi) - di{oi,'yn,iOi)\ < 2L. (12) 
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Moreover, by choice of the sets Wi{h^) Q Ui{h^) we know that for n > A'^o is 
regular axial with G Ui{h'^) x U2{h'^) and ip~ S Ui{h~) x U2{h^)- So Lemma [27T] 
shows that for n > Nq there exists x^ j € Ax{(pn^i) such that di{oi,Xn^i) < c, i = 1,2. 
We conclude 

^i(V'n,i) < di{Oi,ipn,iOi) < li{(Pn,i) + 2c , i = 1, 2 , 

which - together with (fT2]) - implies that tan0 = lim„_i.oo l2{v'n,2)/h{^n,i)- 

Let's prove the last assertion following the lines of the proof of Proposition 2.4 
in |13j : If ir is a point, there is nothing to prove. Otherwise we will show that for 
9,9' G {arctan (^2(52)/^! (51)) : 9 = (91,92) £ T regular axial}, 6 < 9', we have [9,9'] C 
^r- Fix 7 = (71,72), = (¥'i,¥'2) regular axial such that tan 6* = /2(72)/^i(7i) and 
tan 6*' = l2{(P2)/h{^i)- 

Recall that g, h £ T are two regular axial isometries projecting to independent 
rank one elements. If 71, (pi are not independent, then by Lemma 12.61 (c) there exist 
N Gn, a,(3 £ {h^ ,h-^ ,g-^} with a / /3 such that aijia^'^ and f3npif3^^ are 
independent. Using the fact that the translation length is invariant by conjugation and 
upon replacing 7 by 070"^ and (p by f3<pl3~^ if necessary, we may assume that 71 and 
ifi are independent rank one elements of Fi. 

Now either 72 and ip2 are independent, or, after replacing 7, ip by its inverse if 
necessary, we have 7^ = 99^ . By Proposition 12.81 and Lemma 12.91 there exist G N 
and C > such that for i € {1, 2} and ah n, m G N \ {0} 



Hence 



so we have 



|^i(7f>f'") - Nn ki^i) - Nm k{^i)\ <C. 

li(7f "'^(/jf n ^1(71) + m li{ipi) ' 

arctan fM4±lM4')G£r 



for every positive rational number g G Q and we conclude [9,9'] G £r- ^ 

In order to prove Theorem D from the introduction, we will need an important defini- 
tion as a substitute for the more familiar notion of P-duality used e.g. in [3j and [10] 
when dealing with only one factor. 

Definition 5.3 Two points ^ = {^,1,^2), V = {'ni,V2) G are called T-related if 

for any neighborhoods Ui, V\ C X\ of ^i, rji and all neighborhoods U2, V2 C X2 of ^2, 
rj2 there exists 7 = (71, 72) G F such that for i G {1,2} 

^i{Xi \ Ui) C , ^r\Xi \ Vi) C Ui . 

We will denote Relr{^) the set of points in d^X which are T-related to ^. 

Notice that for any ^ G d^X the set Relr(0 is closed with respect to the topology of 
d^X. Moreover, if r/ G Relr(0! then r/i is Fi-dual to ^1 and r/2 is F2-dual to ^2- 
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The importance of the notion hes in the following. If h~ denote the attractive 
and repulsive fixed point of a regular axial isometry h = (/ii,/i2) £ Tj then = 
■K^ {h^) and h~ = Tr^{h~) are F-related by Lemma [XUl (c). Conversely, if ^ = (^1)^2)) 
V = (^i;'?2) £ d^X are F-related, then by definition there exists a sequence (7„) = 
((7n,n7n,2)) C r such that for i £ {1,2} we have -fri,iOi rji and ^~}oi ii as 
n — )• 00. Hence if can be joined to 77^ by a rank one geodesic for i = 1,2, then in 
view of Lemma 12.71 7„ is regular axial for n sufficiently large and satisfies 

ln,i ~^ '^i ^n,i ^ aS n ^ OO 

for i G {1, 2} . Denote A C d^X x d^X the set 

A := {(e,r?) G d^X x d^X : = r?i or ^2 = ■ 

Using the above definition, we are now able to prove the following statement which 
is Theorem D from the introduction and can be viewed as a strong topological version 
of the double ergodicity property of Poisson boundaries due to Burger- Monod ( |9j) 
and Kaimanovich ( [14j). 

Theorem 5.4 // T contains two regular axial isometrics projecting to independent 
rank one elements in each factor then the set of pairs of fixed points (7"^, 7~) C d^X x 
d^X of regular axial isometrics 7 G F is dense in (Fp x Fr) \ A. 

Proof. Denote g = (51,(72) and h = (/ii,/i2) G F two regular axial isometries such 
that for i G {1,2} gi and hi are independent. In view of the paragraph preceding the 
theorem we first prove that any two distinct points in {g^ ,g^ , h^ , /i+} are F-related. 

For r] G {g^ , g^ , h^ , h^} and i G {1,2} let Ui{r]) C Xi be an arbitrary, sufficiently 
small neighborhood of rji with Oj ^ Ui{r]) such that all Ui{r]) are pairwise disjoint. 
According to Lemma 12.61 (c) there exists a constant N € N such that for all 7 G 
{g,g-\h,h-^} and i G {1,2} 

7f(XAf/i(7~))^f^.(7+). (13) 

Let 7,V5 S {g,9~^ ,h,h~^}, (/? / 7. Using the fact that either ip = 7"^ or 7^, are 
independent for i = 1 , 2 (fT3|) implies 

7fc^-^(XAf/.(v=+))c[/.(7+) and 
^ ^ ' 

cu^{if-)cx,\u^{^-) 

(7f V'-^)-^(X, \ C/,(7+)) C (f/.(7-)) C C/.(^+) 

for i G {1,2}. Hence 93+ G Relr(7+). 

Next we will show that any ^ = (^1, ^2) G -^^r with ^ {g^ ,gf , h^ , hf}, i = 1,2, 
is F-related to any point in {g~ , g^, h^ , /i+}. For ( G g^ ,g^, h^ , /i+} and i G {1, 2} 
let Ui{C) C Xi be an arbitrary, sufficiently small neighborhood of Q with Oj ^ f^(C) 
such that all Ui{(^) are pairwise disjoint. By Lemma 12.71 there exist neighborhoods 
WiiO ^ Ui{(), C G {^,5~,5+,/i~,^+}, such that every 7^ G F^ with jid G Wi(C), 
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7i ^Oi G Wi{r]), r] e {C,g ,g~^,h \ {(}, is rank one with 7+ e C/j(C) and 7^ G 

Since ^ G Fr, there exists a sequence (7^) = ((7n,i5 7n,2)) C F such that 7n,iOi — )• 
Ci; 7n,202 — ^2- Upon passing to a subsequence if necessary we may assume that 
%\oi Ci £ dXi and 7~202 C2 G 5X2. By Proposition 15.11 there exist N,No £N 
and/3 G {/i"^, /j-^c/^, /i-^^"^} such that for all n > iVo 7n/3"^o G W^i (0x^^2(0 and 
/37~^o G X VF2(^~)- By Lemma 12.71 we conclude that for n > A'^o the isometry 

7„/3-^ is regular axial with {-fn/3~^)^ G C/i(0 x C/2(0 and (7n/3"-^)" G Ui{h-)x U2{h-). 
This implies that ^ G Relr(^~) and by symmetry 

C G Relr(5") n Relr(5+) n Relr(/i~) n Relr(/i+) . (14) 

Next we let ^ = (■^i, ■^2), ''? = (vijV^) G -^r such that for i G {1,2} we have ^i,r/j ^ 
{ai^at'K'^t} and / r/j. As above, for C G {C,??,^"} and i G {1,2} let C/i(C) C Xi 
be an arbitrary, sufficiently small neighborhood of Q with Oj ^ t^j(C) such that all 
Ui{C) are pairwise disjoint. By the arguments in the previous paragraph there exists a 
regular axial isometry ip £ T with G Ui{^) x J72(C) and (/?~ G Ui{h~) x C/2(^ )• In 
particular, (^j and (7i are independent for i = 1,2. Replacing /i by 99 in (I14p we know 
that rj G Relr(5'~) H Relr(5'^) H Relr(<^~) H Relr(93^), in particular rj G Relr(93'''). So 
using the fact that rn can be joined to iff by a rank one geodesic in Xi for i = 1,2, 
given small neighborhoods f7j((/?^) C C/j(^) for i G {1,2}, there exists 7 G F regular 
axial with 7+ G Ui{Lp+) x C/2 ((/?+) C Ui{C) x C/2(0 and 7" G f7i(r/) x [72 (r/). □ 

6 The exponent of growth for a given slope 

For the remainder of the article X is a product of locally compact Hadamard spaces 
Xi, X2, o = (01,02) a fixed base point, and F C Is(Xi) x Is(X2) a discrete group 
which contains two isometries g = (91,52) and h = (/ii,/i2) such that gi and hi are 
independent rank one elements of Fj for i = 1,2. In this section we want to describe 
the map which assigns to each slope G [0,7r/2] the exponential growth rate of orbit 
points of F in X with a prescribed slope 9. Recall the notation introduced in Section [3] 
and put for x,y e X, 6 e [0,7r/2], e > 

F(x, y; 6,e) := {7 G F : 77/ / x and \6{x, 71/) — 9\ < e} . 

For the definition of the exponential growth rate we introduce the following partial 
sum of the Poincare series for F: For s > we put 

7er(x,y;0,e) 

and denote 6q{x, y) its critical exponent, i.e. the unique real number such that Ql'^{x, y) 
converges if s > 5g{x,y) and diverges if s < 5Q{x,y). It is clear that for any e > we 
have 6g{x,y) < (5(F), the critical exponent of the Poincare series. Unfortunately, unlike 
in the case of 5(F), where the summation is over all elements in F, this number may 
depend on x and y. If e > 7r/2 then the summation above is over all 7 G F with jy / x. 
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By discreteness of F we have = x for only finitely many 7 G F, hence for e > tt/2 
we have 6g{x,y) = 5{r). 
For n G N we define 

Nl{x, y; n) := #{7 € F : n - 1 < d{x, jy) < n , \6{x, -fy) - e\ < e} , 

which can be interpreted as an orbit counting function for orbit points of slope e-close 
to 6. Although the proof of the following lemma is standard, we include it here for the 
convenience of the reader. 

Lemma 6.1 We have 

cef X 1- log iV|(x,y;n) 
OQ{x,y) = limsup . 

n— >-oo n 

Proof. We clearly have 



72/) 



n=l ■y&r{x,y;e,s) 
n—l<d{x,'yy)<n 

hence 

00 00 00 

^ e-^"iV|(x, y; n) < Q^'^x, y) < ^ e-^("-i)iV|(x, y; n) = ^ e-^"iV|(x, y; n) . 

n=l n=l n=l 

Moreover, we can write 



e-'^Nl{x,y;n)=(e 



, log m(x,y;n) 
-SH 2 



SO finding an estimate for the term in the bracket independent of n will allow us to 
compare QQ^(x,y) to a geometric series. 

Suppose first that s > Mmsup^^^^ ' ' . Then there exists N eN such that 

for any n > N 

log Nl{x,y;n) 

s 

n 

and we estimate 

f^'} °° / log iV| (a;,y;n) \ "\ 

\n=l n=N ^ ^ / 

The first sum is finite, and the second term converges because the number inside the 
brackets is strictly smaller than 1 for all n > AT. 

If s < limsup„^(^ ^e^^V'^) ^ there exists a strictly increasing sequence (n^) C 
N such that limfe_^oo ^"^^^i'^'^'"''^ > s. In particular there exists A/" G N such that 
^ log A|(x, y; rife) > s for any k> N. Moreover, since Uk > k for all k, we have 

logJV|{a:,j;;rn,) \ "-fe / log iV| (a; .yinj.) - 



„fc log A|(x,y;nfe) > s for 

/ logJVg{a:,j;;nfc) \ "-fe / log iV5 (a; ,H;nt ) \ 

fc=Ar ^ fe=Ar ^ ^ 

which shows that diverges. □ 
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Definition 6.2 The number 6g{T) := liminf^^Q 6q{o,o) is called the exponent of 
growth of r of slope 6. 

The following lemma shows that this number ^^(r) does not depend on the choice of 
arguments of 6q . 

Lemma 6.3 For x,y £ X arbitrary we have liminf£_>>o ^K^^i 2/) = ^eiX)- 
Proof Fix 6* e [0,7r/2] and set 

cos 9 



He 



sin( 



We first note that for any x = {xi,X2) ,y = (yi,y2) £ X and 7 = (71,72) € F the 
equality 

{H{x, 7y), He) = d{x, -fy) ■ cos {9{x, -yy) - O) (15) 

holds. Using 

di(j;i,7iyi) - di (01,7101) 



Hix, 72/) — Hlo, 70) — I , . \ 7 / \ 

setting c := d{x, o)+d(y, 0) and recalling that both sm9 and cos 9 belong to the interval 
[0, 1] we further have 

\{H{x,jy)-H{o,jo),He)\<Ac. 

In particular, we conclude 

{H{x,'jy),He) > {H{o,'jo), He) - = d{o,jo) ■ cos {9 {o,'jo) - 9) - ic 
> d{x, 72/) • cos [9{o, 70) — 9) — 6c, 

hence 

6c 

cos {9{x, 72/) -9) > cos {9{o, -fo) - 9) - . 

This shows that given e > 0, there exists i? S> 1 such that d{x, 72/) > R and \9{o, 70) — 
0| < I implies \9{x,^y) — 9\ < e. A symmetric argument - with the roles of {x,'yy) 
and (0,70) exchanged - ensures the existence of i?' 3> 1 such that d{x,^y) > R' and 
\9{x, 72/) — 9\ < e implies \9{o, 70) — 9\ < 2e. Summarizing, we know that for any e > 
there exists R^ 1 such that for any 7 G F with d{x, 72/) > Rwe have the implications 

7eF(o,o;^,e/2) =^ e T{x,y;9,e) =^ e T{x,y;9,2e). 

Since by discreteness of F there are only finitely many 7 G F with d{x, 'jy) < R, we 
conclude that for any e > 

6f{o,o)<6Ux,y)<Sl'io,o). 
Taking the limit inferior as e tends to zero finishes the proof. □ 
Notice that in the definition of 5e(X) for 9 G (0, 7r/2) one may substitute 

#{l^r :,y^x,dix,,y)<n, _ ,,,, ^ ,| 

in (|6.ip instead of Ng{x,y;n). Furthermore, the following property holds: 



21 



Lemma 6.4 If Lr n dXe / 0, then 6e{T) > 0. 

Proof. Suppose Lp H dXg ^ 0. Then by Lemma |3. II for any e > there exist infinitely 
many 7 G F such that |0(o, 70) — 0\ < e. In particular 

X] l = Q0°'^(o,o) diverges, 
7er(o,o;e,e) 

hence 5g{o,o) > 0. We conclude 6g{T) = lim inf £_^o (o, o) > 0. □ 
The following proposition states that the map 9 1— )• Sg{T) is upper semi-continuous. 
Proposition 6.5 Let {6j) C [0,7r/2] be a sequence converging to 6 £ [0,7r/2]. Then 

limsup 5e^{T) < 6g(T) . 

j-s>oo 

Proof. Let eq G (0,7r/2). Then 9j — ^ 9 implies \9j — 9\ < eo/2 for j sufficiently large. 
Let e G (0,eo/2) and 7 E r(o, o; 6lj, e). Then 

|6l(o,7o) - 6*1 <e + eo/2<eo, 

hence for j sufficiently large T{o,o : 9j,e) C T{o,o : 9,eo). This shows (5g.(o,o) < 
(o, o), and therefore 6g^ (T) = lim infe_^o (o, o) < 6g'^ (o, o) . 

We conclude 

lim sup 5e^ (F) < 5^° (o, o) , hence 
lim sup . (F) = lim inf ( lim sup 5g .{T)] < lim inf 5n° {0,0) = 5g{T) . 

□ 



Example: Suppose X is a product X = Xi x X2 of Hadamard manifolds with 
pinched negative curvature, and Fi C Is(Xi), F2 C ls{X2) are convex cocompact 
groups with critical exponents Si, 52- Then by Theorem 6.2.5 in |19j there exists a 
constant C > 1 such that for all n E N we have 

le^'"<#{7, GFi: n-l<d(o„7,o,)<n}<Ce'^>'^, i = l,2. (16) 

We are going to examine the action of the product group F = Fi x F2 ^ Is(X) on the 
product manifold X. Given 9 G (0, 7r/2), we estimate for e > sufficiently small the 
number of orbit points 

ANl{o,o;n) = #{7 = (71^72) e T : n-1 < \/(ii(oi, 7101)2 + ^2(02,7202)2 < n, 

\9{o,jo)-9\<e} 

^ ji! / ^ -r 1 / ^1(01, 7iOi) ^ 
< #{7 = (71,72) e r : n- 1 < r<n, 

cos 9[o, 'JO) 
6^2(02,7202) . \ n\ ^ \ 

n-l< < n , \9{o, 70 -9\<e} 

sm9{o, 70) 

^ q2 _ ^ g(5incos(6'-e) _ g<52risin(6'+e) 
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As a lower bound, we obtain 

ANI{o,o;n) > #{(71,72) £ T : n - 1< ^^^"^'^^^ <n, 

cos 

^ _ ^ ^ d2 (02, 7202) < ^1 > ^ . g<5incose . g52nsine 

sin0 ~ ~ 

and therefore conclude ^^(r) = 5i cos + (52 sin 9. Treating the cases 6 = and 9 = tt/2 
separately one can easily verify that this equation holds for all 9 G [0,7r/2]. 



7 A generic product for F 

Denote M>o := {t G M : t > 0}. For convenience, we extend the exponent of growth to 
a map ^'r : K>o — ?■ M as follows: If x = {xi,X2) G M?,q we put 9{x) := arctan(a;2/xi) 
and set 

^r{x) := ||x|| • . 

In the remainder of this section we will show that 'I'r is a concave function, i.e. for any 
x,y e M.%Q and t e [0, 1] we have ^'r(tx + (1 - t)y) > t^'r(x) + (1 - t)^'r(y)- 

Recall that X is a product of locally compact Hadamard spaces Xi, X2, o = 
(01,02) a fixed base point, and F C Is(Xi) x Is(X2) acts properly discontinuously 
and contains a pair of isometrics g = ((71, 52) , h = (/ii,/i2) such that gi and hi are 
independent rank one elements in Fj for i = 1,2. Notice that the distance vector 
H : X X X ^R"^ defined at the be ginning of Section [3] induces a map F — t- M'^ via the 
assignment 7 1— t- -ff(o, 70). By abuse of notation we will call this map also H. 

Let D denote the Dirac measure and ur := J^-yer ^H{-y) the counting measure on 
R^. In a metric space we denote B(x, r) the ball of radius r > centered at x. We will 
use the following special case of a theorem due to J.-F. Quint. 

Theorem 7.1 ( 111 6^ . Theorem 3.2.1) If there exist r,s,c > such that for any x,y € 
the inequality 

MB{x + y,s))>c- ur{B{x, r)) • MB(.y, r)) (17) 

holds, then ^-p is concave. 

In order to prove inequality (jl7p we will construct a generic product for F as in |16] , 
Proposition 2.3.1. The idea behind is to find a finite set in F x F which maps pairs of 
orbit points (70, (p~^o) close to a set Ax{g) or Ax(/i) as in Definition 12. 3i Unfortunately, 
unlike in the case of symmetric spaces, we do not dispose of an equivalent of the result 
of Abels-Margulis-Soifer ( |161 Proposition 2.3.4]) which plays a crucial role there. 
Instead, we will exploit the dynamics of a free subgroup of {g, h) C F. 

Proposition 7.2 // F C Is{Xi) x Is{X2) is as above, then there exists a map pr : 
F X F — 7- F with the following properties: 

(a) There exists k > such that for all 7, 99 S F we have 

\\H{pr{j,^))-Hij)-Hi^)\\<K. 
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(b) For any r > there exists a finite set A C F such that for all jjcpj-jjip £ T with 
\\H{-f) - H{j)\\ < r, \\H{ip) - H{ip)\\ <r we have 

pr^jjip) = pr{^,(p) =^ 7 G 7A and 99 € A(/7 . 

Proof. For 7] G {g^ , , h~ , h^} and i G {1, 2} let Ui{rj) C be a small neighborhood 
of r]i with Oj ^ Ui{r]) such that all Ui^rj) are pairwise disjoint. Upon taking smaller 
neighborhoods, Lemma |2 . 1 1 provides a constant c > such that for i £ {1, 2} any pair 
of points in distinct neighborhoods can be joined by a rank one geodesic cjj C Xi with 
d{oi,ai) < c. 

In order to construct a map satisfying property (a) we let 7 = (71,72), ^ = 
{^1t'-P2) G F arbitrary. Arguing as in the proof of Proposition 15.11 there exist a finite 
set A C F and a = a(v?), /3 = /^(t) G A such that 

/37~^o G X ?72(/i") and a<^o G C/i(/i+) x ?72(/i+) . 

As in the proof of Theorem 15.21 we set L := max{dj(oj, AjOj) : i G {1,2}, A G A}. 
For i = 1,2 we choose a point xi on the geodesic joining f^i^y^^Oi to ai^piOi with 
(ii(oi, Xj) < c. Then 

di{'yi(3:[^anpiOi,Oi) = di{anpiOi, (3i^~^0i) = di{anpiOi, Xi) + di{xi, (3i-/~'^Oi) 

and we can estimate 

<L <c 

dii'yil3~^ai(pi0i,0i) < di{ai(fiOi,aiOi) + di{aiOi,Oi) + di{oi,Xi) 

+di{xi,Oi) + di{oi,f3iOi) + di{(3iOi,/3a~^Oi) 
< di{ipiOi,Oi) + di{jiOi,Oi) + 2c + 2L and 
di{lil3~^aiLpi0i,0i) > di{ipiOi,Oi) + di{jiOi,Oi) - 2c- 2L . 

This gives 

\\H{jr^a^) - H{ip) - H{j)\\ < 2\/2(c + L) =: k, 

hence the assignment pr(7, 99) := 'yf3{'y)~^a{ip)ip satisfies property (a). 

It remains to prove that the map pr from above also satisfies property (b). Suppose 
there exists r > such that for any finite set A„ C {7 g F : d{o, 70) < n} with n G N 
there exist -/n,Vn,%,^n with ||ii'(7„) - H{%)\\ < r, \\H{ipn) - H{(pn)\\ < r and 
gn := pr(7„, ifn) = pr(7n, V'n), but 7~^7„ ^ A„ or (pn^n'^ ^ A„. 

Passing to a subsequence if necessary we may assume that all the sequences (7^^o), 
iln^o), {(pno), {0no) C X Converge. Notice that even though one of the projections 
of the sequences to Xi or X2 may not converge to a boundary point, the arguments 
from the proof of Proposition 15.11 show that there exist a finite set A C F and a, a, /?, 
/3 G A such that for all n G N 

P^n^o G Ui{h^) X U2{h~) and oupnO, atpnO G C/i(/i^) x U2{h'^) ■ (18) 

For n G N and i = 1,2 we denote Xn,i a point on the geodesic path from /3j7~^Oi 
to anpn,iOi, and x^,! a point on the geodesic path from (3ij~loi to anpn,iOi such that 
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di{oi,Xn,i) < c and di{oi,Xn,i) < c. Furthermore, using gn = ^nP ^oupn = Inh ^aipn 
and denoting for z = 1, 2 o"„,j the geodesic path cto-^^^ .q. there exist tj, > such that 

di{-in,iP~^Oi,(Jn,i{ti)) = di{^n,iP~^Oi,an,i) = di{oi, (3i-f~^^an,i) = di{Oi,Xn,i) < C, 
dii'yn^ii^'^Oi, an,i{ii)) = di{%^Sl'^Oi, an,i) = di{oi, iia'^an^i) = di{Oi,Xn,i) < c . 

by (fTSj) and Lemma [XTl Hence using L := max{(ij(oj, AjOj) : i G {1, 2}, A G A} 

di{'yn,iOi,an,i) < di{'^n,iOi,^n,ilii^Oi) + di{'^n,ifii'^Oi,an,i{ti)) <L + c, 
di{^n,iOi,(Tn,i) < di{^n,iOi,^n,S~'^Oi) + di{^n,Si'^Oi,an,i{ii)) <L + C. 

For n £ N and i = 1, 2 let yn,i, yn,i G be the points on the geodesic path an,i such that 
di{oi,yn,i) = di{oi,-fn^iOi) and di{oi,yn,i) = di{oi,^n,iOi). Since ||-H'(7n) - -f^(7n)|| < r 
we have di{yn^i,yn,i) ^ ^) and, by elementary geometric estimates, 

di{'yn,iOi,yn,i) < 2(-L + c) and di{%^iOi, yn,i) < 2(-L + c) . 

We summarize 

di{Oi,J~^i%^iOi) = di{'yn,iOi,%^iOi) < di{'^n,iOi,yn,i) + d{yn,i,yn,i) + di{yn,i,%,iOi) 

< 2(L + c) + r + 2(L + c), i.e. 
t^(o,7n^7no) < \/2(4L + 4c + r) =: i?. 

In particular, for n > R we have 'Yn^ln £ and, in order to obtain the desired 
contradiction, it remains to prove that ifnVn^ ^ for n sufficiently large. 
Notice that = a'^ (3^~^ gn = $^~^^n(^~^Ciifn, hence 

d{o,(pn^n^o) = d{o,a ^I^Jn^lnP ^ ao) < d{o, o."^ o) + d{a ^o,a ^(3o) + 

d{cr^j3o, Q~^/37~^7no) + (i(7;;^7„o, ^'^-fnl^'^o) + d(/3"^o, P'^ao) 
< d{o, 7-H„o) + A^/2L <R + 4^21 . 

This finishes the proof. □ 
The following lemma now shows that equation (|17p holds. 
Lemma 7.3 There exist r,s,c>0 such that for any x,y £M? we have 
uriB{x + y,s))>c- iyr{B{x, r)) • uriB{y, r)) . 

Proof. Notice that t'r(-B(x,r)) = #{7 G F : \\H{-f)-x\\ < s}. Fix r > 0, put s = K+2r 
with K > from Proposition 17.21 (a) and denote C > the inverse of the cardinality 
of the set A x A from Proposition 17.21 (b). Put 

P(F) := {(7, </^) G F X F : \\H{j) - x\\ < r , \\H{^) - y\\ < r} . 
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We will show that for all x,y G 

#{7 G r : \\H{^) -x-y\\<s]>C- #P{T) . 

Let (7, if) G -P(r). Then a := pr(7, G F satisfies 

\\H{a)-x-y\\ < \\H{a)-H{j)-H{^)\\ + \\Hij)-x\\ + \\H{^)-y\\ 
< K + r + r = s . 

Moreover, Proposition 17.21 (b) implies that the number of different elements in P(T) 
which can yield the same element in {7 G F : ||-ff(7) — x — y\\ < s} is bounded by 
#(AxA). □ 

As a corollary of Theorem 1 7 . 1 1 and Proposition 17.21 we obtain 
Theorem 7.4 The function is concave. 

Together with Proposition 16.51 this gives Theorem E of the introduction. 

References 

[1] W Ballmann, Axial isometrics of manifolds of nonpositive curvature, Math. Ann. 
259 (1982) 131-144 

[2] W Ballmann, Lectures on spaces of nonpositive curvature, volume 25 of DMV 
Seminar, Birkhauser Verlag, Basel (1995) 

[3] W Ballmann, M Brin, Orbihedra of nonpositive curvature, Inst. Hautes Etudes 
Sci. Publ. Math. (1995) 169-209 (1996) 

[4] W Ballmann, M Gromov, V Schroeder, Manifolds of nonpositive curvature, 
volume 61 of Progress in Mathematics, Birkhauser Boston Inc., Boston, MA (1985) 

[5] Y Benoist, Proprietes asymptotiques des groupes lineaires, Geom. Funct. Anal. 7 
(1997) 1-47 

[6] M Bestvina, K Fujiwara, A characterization of higher rank symmetric spaces 
via bounded cohomology, Geom. Funct. Anal. 19 (2009) 11-40 

[7] M R Bridson, A Haefliger, Metric spaces of non-positive curvature, volume 
319 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles 
of Mathematical Sciences], Springer- Verlag, Berlin (1999) 

[8] M Burger, Intersection, the Manhattan curve, and Patters on- Sullivan theory in 
rank 2, Internat. Math. Res. Notices (1993) 217-225 

[9] M Burger, N Monod, Continuous bounded cohomology and applications to rigid- 
ity theory, Geom. Funct. Anal. 12 (2002) 219-280 



26 



[10] P-E Caprace, K Fujiwara, Rank one isometries of buildings and quasi- 
morphisms of Kac-Moody groups, http://arxiv.org/abs/0809.0470 

[11] P-E Caprace, B Remy, Simplicity and superrigidity of twin building lattices, 
Invent. Math. 176 (2009) 169-221 

[12] F Dal'bo, Remarques sur le spectre des longueurs d'une surface et comptages, 
Bol. Soc. Brasil. Mat. (N.S.) 30 (1999) 199-221 

[13] F Dal'Bo, I Kim, Shadow lemma on the product of Hadamard manifolds and 
applications, from: "Seminaire de Theorie Spectrale et Geometrie. Vol. 25. Annee 
2006-2007", Univ. Grenoble I 105-119 

[14] V A Kaimanovich, Double ergodicity of the Poisson boundary and applications 
to bounded cohomology, Geom. Funct. Anal. 13 (2003) 852-861 

[15] G Link, Hausdorff dimension of limit sets of discrete subgroups of higher rank 
Lie groups, Geom. Funct. Anal. 14 (2004) 400-432 

[16] J-F Quint, Divergence exponentielle des sous-groupes discrets en rang superieur. 
Comment. Math. Helv. 77 (2002) 563-608 

[17] J-F Quint, Mesures de Patterson-Sullivan en rang superieur, Geom. Funct. Anal. 
12 (2002) 776-809 

[18] B Remy, Construction de reseaux en theorie de Kac-Moody, C. R. Acad. Sci. 
Paris Ser. I Math. 329 (1999) 475-478 

[19] C Yue, The ergodic theory of discrete isometry groups on manifolds of variable 
negative curvature. Trans. Amer. Math. Soc. 348 (1996) 4965-5005 



27 



